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Abstract. The influence of ultrasonic radiation on the flow of a liquid through a porous medium is analyzed.
The analysis is based on a mechanism proposed by Ganievet al.according to which ultrasonic radiation deforms
the walls of the pores in the shape of travelling transversal waves. Like in peristaltic pumping, the travelling
transversal wave induces a net flow of the liquid inside the pore. In this article, the wave amplitude is related to
the power output of an acoustic source, while the wave speed is expressed in terms of the shear modulus of the
porous medium. The viscosity as well as the compressibility of the liquid are taken into account. The Navier–
Stokes equations for an axisymmetric cylindrical pore are solved by means of a perturbation analysis, in which
the ratio of the wave amplitude to the radius of the pore is the small parameter. In the second-order approximation
a net flow induced by the travelling wave is found. For various values of the compressibility of the liquid, the
Reynolds number and the frequency of the wave, the net flow rate is calculated. The calculations disclose that the
compressibility of the liquid has a strong influence on the net flow induced. Furthermore, by a comparison with
the flow induced by the pressure gradient in an oil reservoir, the net flow induced by a travelling wave can not be
neglected, although it is a second-order effect.
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1. Introduction

Laboratory experiments have shown that ultrasonic radiation can considerably increase the
rate of flow of a liquid through a porous medium. For instance, Chen [1] investigated the
influence of ultrasonic radiation (at a frequency of 20 kHz) on the flow of water or oil through a
stainless steel filter, on the flow of oil through porous sandstone samples, and on the flow of oil
segments through a capillary. For the flow through sandstone samples he found that ultrasonic
radiation increased the oil-flow rate by a factor of three. Although the ultrasonic energy heated
the oil, and hence decreased its viscosity, he showed that only a part of the increase of the
flow rate could have been caused by the viscosity decrease. Cherskiyet al. [2] measured the
permeability of core samples saturated with fresh water under the influence of an acoustic
wave field (at a frequency of 26·5 kHz). They measured a sharp increase of the permeability
within a few seconds after the beginning of the ultrasonic treatment. After removal of the
sound field the permeability decreased to the value before radiation. Duhon [3] studied the
characteristics of oil displacement by water in sandstone samples in the presence of ultrasound
(at frequencies of 1·0–5·5 MHz). He observed an additional amount of oil recovered of 6–15%
and an increase of the flow rate.

The oil industry has shown great interest in the effects of ultrasound on the flow through
a porous medium. The reason is that in production the oil flows due to a pressure gradient
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through a porous medium in the underground, the so-called reservoir, into a well. The effects
on flow rates observed in experiments thus reveal that ultrasonic irradiation of the reservoir
downhole in a well is capable of increasing oil production.

A theoretical explanation for the increase of the rate of flow of a liquid through a porous
medium by ultrasonic radiation has been given by Ganievet al. [4]. They propose that ultra-
sonic radiation generates travelling transversal waves at the pore walls in a porous medium.
These waves induce in the liquid inside the pores internal waves of velocity and pressure with
a nonuniform amplitude distribution along the radius of the pore. Ganievet al. [4] consider
a travelling transversal wave on the wall of a single pore (approximated by a cylindrical
tube of small radius) which is filled with a compressible viscous liquid. After carrying out
a perturbation analysis, in which the ratio of the wave amplitude to the radius of the pore is
the small parameter, they found in the second-order approximation a net flow of the liquid.
The paper of Ganievet al. [4], however, is very concise and does not report in detail the
analysis and the calculations. Ganievet al.only formulate the basic equations and give some
results. Furthermore, they do not analyse the influence of the acoustic power output and the
material properties of the porous medium and the liquid.

The proposed mechanism of Ganievet al.[4] is identical to the peristaltic transport mecha-
nism. Peristaltic pumping is often used in medical instruments such as the heart-lung machine.
It frequently occurs in the organs in the living body like the ureters, intestines and arterioles.
In peristaltic pumping a travelling transversal wave generated along a flexible wall propels the
liquid along a tube. In peristaltic pumping, however, usually the transport of incompressible
liquids is described. Various papers have been written about peristaltic transport, see for in-
stance Shapiroet al. [5], Yin and Fung [6], and Takabatakeet al. [7]. In particular, Yin and
Fung [6] studied the flow of an incompressible viscous liquid through a cylindrical tube with
its wall deformed in the shape of a travelling transversal wave. After making their dimension-
less, they found three relevant dimensionless parameters,viz. ε = a/R, α = 2πR/λ, and the
Reynolds number Re= Rcρ/µ. Here,a is the amplitude of the wave,R is the radius of the
tube,λ is the wavelength, andc is the wave speed, whileρ is the density andµ the viscosity
of the liquid. Like Ganievet al. [4], Yin and Fung [6] carry out a perturbation analysis withε

as small parameter. Later, Takabatakeet al. [7] mention that the perturbation analysis of Yin
and Fung [6] is only valid if the dimensionless parametersε, α and Re satisfyεα2 Re� 1.

In this article we elaborate the mechanism proposed by Ganievet al.[4], in order to analyze
the influence of ultrasonic radiation on flow through porous media. Although natural porous
media are a random network of interacting capillaries of variable cross-section, we use a sim-
plified representation in which the porous medium consists of a set of noninteracting, straight
and circular capillaries in an elastic medium. We consider a flexible axisymmetric cylindrical
pore of radiusR, with its wall deformed by the application of ultrasound in the shape of a
travelling transversal wave of constant amplitudea. The pore is filled with a compressible
viscous liquid which is at rest in the absence of the travelling wave. We render our problem
dimensionless and carry out a perturbation analysis for small ratios ofε = a/R. In the second-
order approximation a net flow induced by the travelling wave is found. Actually, we extend
the analysis of Yin and Fung [6] by taking the compressibilityκ of the liquid into account.
As a result we obtain, in addition toε, α and Re, a fourth relevant dimensionless parameter,
viz. χ = κρ0c

2, whereρ0 is the (constant) density at a reference pressure. Although the
compressibilityκ is small, the dimensionless parameterχ has a magnitude of order 1 for
the flows considered. Calculations for various values ofε, α, Re andχ , disclose that the

186914.tex; 6/08/1998; 14:03; p.2



Net flow of compressible viscous liquids induced by travelling waves in porous media437

Figure 1. The cylindrical pore with its wall deformed in the shape of a travelling transversal wave.

compressibility of the liquid has a strong influence on the net flow induced. Hence, although
the liquids considered are hard to compress, their compressibility may not be neglected.

Finally, we give an estimation of the dimensionless parameterε in ultrasonic radiation
of a reservoir downhole, and compare the net flow induced by a travelling wave to the flow
induced by the pressure gradient in the reservoir. To that end, we express the wave amplitude
a in terms of the power outputP generated at the source, and we relate the wave speedc to the
shear modulusG of the porous medium. By means of an example, in which we takeP = 10
kW andG = 0·5× 109 N/m2, we show thatε has a magnitude of order 10−3 in the reservoir
near the well (the so-called near-wellbore region), while the wave speedc is of order 103 m/s.
Thus, a perturbation analysis withε as a small parameter is permitted. With a frequency in the
order of 104 Hz and a pore radius in the order of 10−4 m, the wavelengthλ is in the order of
10−2 m, while the Reynolds number is in the order of 104. In the example we demonstrate that
the net flow rate due to a travelling wave with small dimensionless amplitude is of the same
order of magnitude as the Poiseuille flow rate due to the pressure gradient in the reservoir.
Hence, although the net flow induced by travelling waves is an effect which is proportional to
ε2, this effect cannot be neglected in the flow through a reservoir.

2. Formulation of the problem

A flexible axisymmetric cylindrical pore of radiusR is considered. The wall of the pore is
deformed in the shape of a travelling transversal wave with constant amplitudea. Cylindrical
coordinates(r, θ, z) are introduced with thez-axis along the centerline of the pore. With the
wave travelling along thez-axis, the wallr = W(z, t) of the pore takes the form

W(z, t) = R + a cos

(
2π

λ
(z− ct)

)
, (2.1)

whereλ is the wavelength andc is the wave speed; see Figure 1.
A compressible viscous liquid is flowing through the pore. The flow is governed by the

balance of mass

∂ρ

∂t
+ (v · ∇ρ)+ ρ(∇ · v) = 0 (2.2)

and the Navier–Stokes equation

−∇p + µ∇2v+ µ

3
∇(∇ · v) = ρ

∂v
∂t
+ ρ(v · ∇)v, (2.3)

which represents the balance of linear momentum under neglect of gravity for a so-called
Stokes fluid. Here,ρ is the liquid density,p the pressure,v the liquid velocity andµ the
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viscosity of the liquid. The characteristic response of the liquid to a compression is described
by the constitutive equation

1

ρ

dρ

dp
= κ, (2.4)

whereκ is the compressibility of the liquid.
With the flow parameters independent of the azimuthal coordinateθ , the velocity takes the

form

v = vr(r, z, t)er + vz(r, z, t)ez, (2.5)

whereer andez are unit vectors in the positiver- andz-direction, respectively. At the boundary
r = W(z, t) the liquid is subjected to the motion of the wall. The no-slip boundary condition
at the wall thus requires

vr(W, z, t) = ∂W

∂t
, vz(W, z, t) = 0. (2.6)

The solution of (2.4) for the density as function of the pressure is given by

ρ = ρ0 exp[κ(p − p0)], (2.7)

whereρ0 is the (constant) density at the reference pressurep0. In cylindrical coordinates, the
balance of mass (2.2) reads

∂ρ

∂t
+ vr

∂ρ

∂r
+ vz

∂ρ

∂z
+ ρ

(
∂vr

∂r
+ vr

r
+ ∂vz

∂z

)
= 0, (2.8)

while the Navier–Stokes equation (2.3) becomes

−∂p

∂r
+ µ

(
∂vr

∂r2
+ 1

r

∂vr

∂r
− vr

r2
+ ∂2vr

∂z2

)
+ µ

3

∂

∂r

{
∂vr

∂r
+ vr

r
+ ∂vz

∂z

}

= ρ
∂vr

∂t
+ ρ

(
vr

∂vr

∂r
+ vz

∂vr

∂z

)
, (2.9)

−∂p

∂z
+ µ

(
∂vz

∂r2
+ 1

r

∂vz

∂r
+ ∂vz

∂z2

)
+ µ

3

∂

∂z

{
∂vr

∂r
+ vr

r
+ ∂vz

∂z

}

= ρ
∂vz

∂t
+ ρ

(
vr

∂vz

∂r
+ vz

∂vz

∂z

)
.

Finally, the flow rateQ through the pore is given by

Q = Q(z, t) = 2π

∫ W(z,t)

0
vz(r, z, t)r dr. (2.10)

The equations are made dimensionless by scaling length byR and time byR/c. Further-
more, we introduce the dimensionless variablesW̃ = W/R, ρ̃ = ρ/ρ0, ṽr = vr/c, ṽz = vz/c,
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p̃ = p/ρ0c
2, p̃0 = p0/ρ0c

2 andQ̃ = Q/cR2, and the four dimensionless parametersε, α, Re
andχ given by

ε = a

R
, α = 2πR

λ
, Re= ρ0cR

µ
, χ = κρ0c

2. (2.11)

Henceforth, we will omit the tildes without ambiguity. Then the Equations (2.9) turn into their
dimensionless form, reading

−∂p

∂r
+ 1

Re

(
∂2vr

∂r2
+ 1

r

∂vr

∂r
− vr

r2
+ ∂2vr

∂z2

)
+ 1

3 Re

∂

∂r

{
∂vr

∂r
+ vr

r
+ ∂vz

∂z

}

= ρ
∂vr

∂t
+ ρ

(
vr

∂vr

∂r
+ vz

∂vr

∂z

)
, (2.12)

−∂p

∂z
+ 1

Re

(
∂2vz

∂r2
+ 1

r

∂vz

∂r
+ ∂2vz

∂z2

)
+ 1

3 Re

∂

∂z

{
∂vr

∂r
+ vr

r
+ ∂vz

∂z

}

= ρ
∂vz

∂t
+ ρ

(
vr

∂vz

∂r
+ vz

∂vz

∂z

)
,

while Equation (2.7) turns into its dimensionless form, reading

ρ = exp[χ(p − p0)]. (2.13)

The balance of mass (2.8) in terms ofρ, vr andvz remains the same after scaling, and also
holds for the dimensionless variablesρ̃, ṽr andṽz. The boundary conditions (2.6) forvr and
vz at r = W remain the same after scaling, and also hold for the dimensionless variablesṽr

andṽz at r̃ = W̃ , where W in its dimensionless form reads

W(z, t) = 1+ η(z, t), η(z, t) := ε cosα(z− t). (2.14)

Thus, the boundary conditions in their dimensionless form read

vr(1+ η(z, t), z, t) = ∂η(z, t)

∂t
, vz(1+ η(z, t), z, t) = 0. (2.15)

Relation (2.10) which defines the flow rateQ in terms ofvz andW remains the same after
scaling, and also holds for the dimensionless variablesQ̃, ṽz andW̃ . The parameter Re is the
Reynolds number. The number

√
χ = c

√
κρ0 represents the ratio of the wave speedc on the

pore wall, andc0 := 1/
√

κρ0 is the speed of sound in the liquid. For the relatively small wave
amplitudes considered here we haveε � 1.

3. Method of solution

To illustrate the nature of the solution we shall consider the important case of no flow in
absence of the travelling wave. As a consequence, the pressurep is equal to the reference
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pressurep0, if ε = 0. Therefore, we assume solutions for the pressure, velocity and density in
the form

p = p0+ εp1(r, z, t)+ ε2p2(r, z, t)+ · · · ,
vr = εu1(r, z, t)+ ε2u2(r, z, t)+ · · · , (3.1)

vz = εv1(r, z, t)+ ε2v2(r, z, t)+ · · · ,
ρ = 1+ ερ1(r, z, t)+ ε2ρ2(r, z, t)+ · · · .

Notice that Yin and Fung [6] have included a zeroth-order constant pressure gradient dp0/dz

in their solution for an incompressible liquid, so that the axial velocityvz contains the zeroth-
order term

V0(r) = −Re

4

dp0

dz
(1− r2). (3.2)

The calculations in [6], however, were carried out for dp0/dz = 0. Substituting the expansions
(3.1) in (2.8), (2.12) and (2.13), and equating the coefficients of equal powers ofε on both
sides of the equations, we obtain the following sequence of equations:

−∂p1

∂r
+ 1

Re

(
∂2u1

∂r2
+ 1

r

∂u1

∂r
− u1

r2
+ ∂2u1

∂z2

)

+ 1

3 Re

∂

∂r

{
∂u1

∂r
+ u1

r
+ ∂v1

∂z

}
= ∂u1

∂t
,

−∂p1

∂z
+ 1

Re

(
∂2v1

∂r2
+ 1

r

∂v1

∂r
+ ∂2v1

∂z2

)
(3.3)

+ 1

3 Re

∂

∂z

{
∂u1

∂r
+ u1

r
+ ∂v1

∂z

}
= ∂v1

∂t
,

∂ρ1

∂t
+ ∂u1

∂r
+ u1

r
+ ∂v1

∂z
= 0, ρ1 = χp1;

−∂p2

∂r
+ 1

Re

(
∂2u2

∂r2
+ 1

r

∂u2

∂r
− u2

r2
+ ∂2u2

∂z2

)
+ 1

3 Re

∂

∂r

{
∂u2

∂r
+ u2

r
+ ∂v2

∂z

}
= ∂u2

∂t
+ ρ1

∂u1

∂t
+ u1

∂u1

∂r
+ v1

∂u1

∂z
,

−∂p2

∂z
+ 1

Re

(
∂2v2

∂r2
+ 1

r

∂v2

∂r
+ ∂2v2

∂z2

)
+ 1

3 Re

∂

∂z

{
∂u2

∂r
+ u2

r
+ ∂v2

∂z

}
(3.4)

= ∂v2

∂t
+ ρ1

∂v1

∂t
+ u1

∂v1

∂r
+ v1

∂v1

∂z
,

∂ρ2

∂t
+ ∂u2

∂r
+ u2

r
+ ∂v2

∂z
+ ρ1

(
∂u1

∂r
+ u1

r
+ ∂v1

∂z

)
+ u1

∂ρ1

∂r
+ v1

∂ρ1

∂z
= 0,
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ρ2 = χp2+ 1
2χ

2p2
1;

etc. We represent the boundary conditions (2.15) by a Taylor expansion aroundr = 1, i.e.

vr(1, z, t)+ η(z, t)∂r2∂vr

∂r
(1, z, t)+ η2(z, t)

2

∂2vr

∂r2
(1, z, t)+ · · · = εα sinα(z− t),

vz(1, z, t)+ η(z, t)
∂vz

∂r
(1, z, t)+ η2(z, t)

2

∂2vz

∂r2
(1, z, t)+ · · · = 0.

(3.5)

Substituting expansions (3.1) in (3.5), and expressing cos and sin in exponential powers, we
obtain the following sequence of boundary conditions

u1(1, z, t) = − αi

2

(
eiα(z−t ) − e−iα(z−t )

)
,

u2(1, z, t)+ 1
2

(
eiα(z−t ) + e−iα(z−t )

) ∂u1

∂r
(1, z, t) = 0, (3.6)

v1(1, z, t) = 0,

v2(1, z, t)+ 1
2

(
eiα(z−t ) + e−iα(z−t )

) ∂v1

∂r
(1, z, t) = 0.

Finally, we represent the flow rateQ by a Taylor expansion aroundr = 1, and obtain by use
of boundary condition (3.6)3

Q(z, t) = 2π

[
ε

∫ 1

0
v1(r, z, t)r dr + ε2

∫ 1

0
v2(r, z, t)r dr +O(ε3)

]
. (3.7)

Examination of Equations (3.3)–(3.6) shows that a solution can be chosen in the form

u1(r, z, t) = U1(r) eiα(z−t ) + U1(r) e−iα(z−t ),

v1(r, z, t) = V1(r) eiα(z−t ) + V1(r) e−iα(z−t ), (3.8)

p1(r, z, t) = P1(r) eiα(z−t ) + P1(r) e−iα(z−t ),

ρ1(r, z, t) = χP1(r) eiα(z−t ) + χP1(r) e−iα(z−t ),

and

u2(r, z, t) = U20(r)+ U2(r) e2iα(z−t ) + U2(r) e−2iα(z−t ),

v2(r, z, t) = V20(r)+ V2(r) e2iα(z−t ) + V2(r) e−2iα(z−t ), (3.9)

p2(r, z, t) = P20(r)+ P2(r) e2iα(z−t ) + P2(r) e−2iα(z−t ),

ρ2(r, z, t) = D20(r)+D2(r) e2iα(z−t ) +D2(r) e−2iα(z−t ).

Here, the overbar denotes the complex conjugate.
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Substituting (3.8) in (3.3) and (3.6), we obtain the following set of equations:

−P ′1+
1

Re

(
U ′′1 +

U ′1
r
− U1

r2
− α2U1

)
+ 1

3 Re

d

dr

{
U ′1+

U1

r
+ iαV1

}
= −iαU1,

−iαP1+ 1

Re

(
V ′′1 +

V ′1
r
− α2V1

)
+ iα

3 Re

(
U ′1+

U1

r
+ iαV1

)
= −iαV1,

U ′1+
U1

r
+ iαV1 = iαχP1, (3.10)

U1(1) = − iα

2
, V1(1) = 0.

The set of equations forU1, V1 andP1 is conjugate to (3.10), so that it need not be written out
explicitly. Firstly, the system of equations (3.10) is solved. Substitution of (3.10)3 in (3.10)1,2

yields

−γP ′1+
(

U ′′1 +
U ′1
r
− U1

r2
− β2U1

)
= 0, (3.11)

−γP1− i

α

(
V ′′1 +

V ′1
r
− β2V1

)
= 0,

where the (complex) parametersγ andβ are given by

γ = Re− iαχ

3
, β2 = α2− iα Re. (3.12)

With V1 eliminated by means of (3.10)3, we rewrite (3.11)2 as

− iχ

α

(
P ′′1 +

P ′1
r
−
(

β2 + αγ i

χ

)
P1

)
+ 1

α2

(
d

dr
+ 1

r

){
U ′′1 +

U ′1
r
− U1

r2
− β2U1

}
= 0.

(3.13)

Differentiating (3.13) with respect tor and using (3.11)1 to express the derivatives ofP1 in
terms ofU1 and its derivatives, we are led to the following equation

− iχ

αγ

(
d2

dr2
+ 1

r

d

dr
− 1

r2
−
(

β2+ αγ i

χ

)){
U ′′1 +

U ′1
r
− U1

r2
− β2U1

}
+ 1

α2

(
d2

dr2
+ 1

r

d

dr
− 1

r2

){
U ′′1 +

U ′1
r
− U1

r2
− β2U1

}
= 0.

(3.14)

This equation is rewritten, after multiplication byα2, as

B

(
d2

dr2
+ 1

r

d

dr
− 1

r2
− ν2

)(
d2

dr2
+ 1

r

d

dr
− 1

r2
− β2

)
U1 = 0, (3.15)
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where the (complex) parametersB andν are given by

B = 1− iαχ

γ
, ν2 = β2 − β2− α2

B
. (3.16)

By use of (3.12), expression (3.16) forν is written in terms ofα, Re andχ as

ν2 = α2 (1− χ) Re− 4
3iαχ

Re− 4
3iαχ

. (3.17)

Notice thatν = α for χ = 0, i.e. for incompressible liquids. The solution forU1, with U1(r)

regular inr = 0, is given by

U1(r) = C1I1(νr)+ C2I1(βr), (3.18)

whereI1 is the modified Bessel function of the first kind of order 1, andC1 and C2 are
(complex) constants. Substitution of (3.18) in (3.11)1 yields

γP ′1(r) = C1(ν
2 − β2)I1(νr). (3.19)

By use of the propertyI1(z) = I ′0(z), whereI0 is the modified Bessel function of the first kind
of order 0, it is easily seen that

P1(r) = C3+ C1
ν2− β2

νγ
I0(νr), (3.20)

whereC3 is a (complex) constant. Substituting (3.18) and (3.20) in (3.10)3, and using the
propertyI ′1(z)+ I1(z)/z = I0(z), we obtain

V1(r) = iαC1

ν
I0(νr)+ iβC2

α
I0(βr) + χC3, (3.21)

where (3.12) and (3.17) have been used forβ andν. Finally, by putting (3.20) into (3.11)2 we
deduce that

C3 = 0. (3.22)

The boundary conditions (3.10)4,5 then require

C1 = αβνiI0(β)

2[α2I0(ν)I1(β)− βνI0(β)I1(ν)] , C2 = −α3iI0(ν)

2[α2I0(ν)I1(β)− βνI0(β)I1(ν)] . (3.23)

Thus, the first-order approximation of the velocity and pressure is described by Equations
(3.18) and (3.20)–(3.23).
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On inserting (3.9) into (3.4) and (3.6), we obtain the following set of equations:

−P ′20+
1

Re

(
U ′′20+

U ′20

r
− U20

r2

)
+ 1

3 Re

d

dr

{
U ′20+

U20

r

}
= iαχP1U1− iαχP1U1+ U1U

′
1+ U1U

′
1− iαV1U1+ iαV1U1,

1

Re

(
V ′′20+

V ′20

r

)
= iαχV1P1− iαχP1V1+ U1V

′
1 + U1V

′
1,

U ′20+
U20

r
= −χ

(
P1U

′
1+ P1U

′
1+

P1U1

r
+ P1U1

r
+ U1P

′
1 + U1P

′
1

)
, (3.24)

D20= χP20+ χ2P1P1,

U20(1)+ 1
2U
′
1(1)+ 1

2U
′
1(1) = 0, V20(1)+ 1

2V
′
1(1)+ 1

2V
′
1(1) = 0.

It will be seen later that, as far as the net flow is considered, only the functionsU20, V20,
P20 andD20 participate in the solution, as long as terms up toO(ε2) are retained. Thus, the
functionsU2, V2, P2 andD2 do not contribute to the net flow, and therefore, we shall not write
down the equations that these functions satisfy, nor solve them. We continue with the solutions
for P20, V20 andU20. To that end, we rewrite the Equations (3.24)1,2,3 as

−P ′20+
4

3 Re

(
U ′′20+

U ′20

r
− U20

r2

)
= F,

V ′′20+
V ′20

r
= ReG, (3.25)

U ′20+
U20

r
= −χH,

where the functionsF , G andH , corresponding to the right-hand sides of (3.24)1,2,3, are given
by

F = iαχ
(
P1U1− P1U1

)+ U1U
′
1+ U1U

′
1+ iα

(
V1U1− V1U1

)
,

G = 1

r

d

dr

{
r(V1U1+ V1U1)

}
, (3.26)

H = 1

r

d

dr

{
r(P1U1+ P1U1)

}
.

Here, Equation (3.10)3 is used to eliminateP1 in function G. With H given by (3.26)3 it is
easily seen that the solution forU20 is given by

U20(r) = D1

r
− χ

(
P1(r)U1(r)+ P1(r)U1(r)

)
, (3.27)
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where the (complex) constantD1 follows from the boundary condition (3.24)5. Elimination
of U ′1 by means of (3.10)3 and by use of (3.10)4,5 leads to

D1 = 0. (3.28)

Notice thatU20 = 0 for χ = 0, i.e. for incompressible liquids. WithG given by (3.26)2, it is
easily seen that the solution forV20, with V20(r) regular inr = 0, is given by

V20(r) = D2− Re
∫ 1

r

[V1(y)U1(y)+ V1(y)U1(y)]dy. (3.29)

Here the (complex) constantD2 = V20(1), whereV20(1) is given by (3.24)6, equals

D2 = − iαC1

2
I1(ν)− iβ2C2

2α
I1(β)+ iαC1

2
I1(ν)+ iβ

2
C2

2α
I1(β). (3.30)

Finally, it is easily seen that the solution forP20 is given by

P20(r) = D3− 4χ

3 Re
H(r)−

∫ r

0
F(y) dy. (3.31)

Here, the (complex) constantD3 = P20(0) + 4χH(0)/3 Re follows from a given pressure
P20(0) on the centerline of the pore. Elaboration ofH(0) yields

D3 = P20(0)+ 4χ

3 Re

[
ν2− β2

νγ
C1(νC1+ βC2)+ ν2 − β2

νγ
C1(νC1+ βC2)

]
. (3.32)

Next, the net flow is considered which is the flow averaged over one period of time. To that
end, we introduce the average of a variableg over one period 2π/α of time t as

〈g〉 = α

2π

∫ 2π/α

0
g(r, z, t) dt. (3.33)

Consequently, the net axial velocity〈vz〉 reads

〈vz〉 = ε2V20(r), (3.34)

under neglect ofO(ε3)-terms, while the net flow rate〈Q〉 is given by

〈Q〉 = 2πε2
∫ 1

0
V20(r)r dr, (3.35)

under neglect ofO(ε3)-terms. Thus, the travelling wave induces a net flow of the liquid, of
which the (dimensionless) rate is expressed by (3.35). Hence, the net flow is an effect of order
ε2.

4. Numerical results

To study the behavior of the net flow, numerical calculations for several values ofε, α, Re
andχ are carried out. Firstly, we concentrate on the solution of the dimensionless problem
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as described in the previous section. The condition for the solution presented by the formal
expansions (3.1) to be accurate, is thatεα2 Re� 1 according to Takabatake [7].

We consider the net flow rate〈Q〉 given by (3.35). After one integration by parts〈Q〉 can
be expressed as

〈Q〉 = πε2

(
D2− Re

∫ 1

0
r2[V1(r)U1(r)+ V1(r)U1(r)]dr

)
, (4.1)

where the solution (3.29) forV20 is used.
For incompressible liquids we compare the net flow rate〈Q〉 to the net flow rateq given

by Yin and Fung [6, formula (54)]. Elaboration of the results of [6] yields

q = −πε2

ζ + α2 Re2

8

M∑
j=1

Bj

j (j + 1)(j + 2)

 , (4.2)

where the constantsζ andBj are given in Table 1 and 2 of [6]. Notice that the constantL3 in
[6] is set to zero. For instance, forε = 0·15, Re= 100 andα = 0·2 we obtain〈Q〉 = 0·2709
andq = 0·2708. More calculations disclose that forχ = 0 our results correspond to the
results of Yin and Fung [6].

In Figure 2 the net flow rate〈Q〉 is plotted versusχ , for ε = 0·001, α = 0·001, and
Re= 1000 (dashed-dotted curve), Re= 5000 (dashed curve) and Re= 10,000 (solid curve).
We observe that the range of〈Q〉 is approximately 0·01–1·26× 10−5 if Re = 1000, 0·15–
1·68×10−5 if Re= 5000 and 0·49–2·64×10−5 if Re= 10,000, for 06 χ 6 1. In particular,
for χ = 0 the range of〈Q〉 is just 1·24–1.26× 10−5 for the three values of Re considered,
while for χ > 0 the range becomes 0·01–2·64× 10−5. Hence,〈Q〉 is nearly independent of
Re, forχ = 0. More precisely, the calculations disclose the result〈Q〉 ≈ 4πε2, for α � 1
andχ = 0. For χ > 0, however,〈Q〉 strongly depends on Re. Furthermore, we observe
that for Re= 1000 the net flow rate〈Q〉 decreases with increasingχ . For Re= 5000 and
10,000, on the other hand,〈Q〉 attains a maximum of 1·7×10−5 atχ = 0·2 and 2·7×10−5 at
χ = 0.5, respectively. Thus, the compressibility numberχ has a significant influence on the
net flow rate, and the Reynolds number Re plays a more significant role in the net flow of a
compressible liquid than of an incompressible one.

Figure 2. The (dimensionless) net flow rate〈Q〉 ver-
susχ , for ε = 0·001, α = 0·001, and Re= 1000
(dashed-dotted curve), Re= 5000 (dashed curve) and
Re= 10,000 (solid curve).

Figure 3. The (dimensionless) net flow rate〈Q〉 ver-
susα, for ε = 0·001, Re= 104, andχ = 0·0 (solid
curve), χ = 0·3 (dashed-dotted curve),χ = 0·6
(dashed curve) andχ = 0·9 (dotted curve).
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Figure 4. The mean net axial velocity〈Vz〉 (in cm/s) versus the frequencyf (in kHz), forκ = 0·5×10−9 N−1m2,
µ = 0·5× 10−2 Nm−2s,ρ0 = 103 kg/m3, R = 10−4 m anda = 10−7 m, for c = 600 ms−1 (dashed curve),
c = 800 ms−1 (dotted curve),c = 1000 ms−1 (solid curve) andc = 1200 ms−1 (dashed-dotted curve).

In Figure 3 the net flow rate〈Q〉 is plotted versusα, for ε = 0·001, Re= 104, andχ = 0·0
(solid curve),χ = 0·3 (dashed-dotted curve),χ = 0·6 (dashed curve) andχ = 0·9 (dotted
curve). We observe that the range of〈Q〉 is approximately 1·12–1·25× 10−5 if χ = 0, 0·99–
2·29× 10−5 if χ = 0·3, 0·29–6·28× 10−5 if χ = 0·6 and 0·09–17·06× 10−5 if χ = 0·9, for
0·00046 α 6 0·01. Furthermore, ifχ = 0·3 or 0·6, then〈Q〉 attains a maximum for a certain
value ofα, and this maximum increases with increasingχ . Forχ = 0, on the other hand,〈Q〉
is decreasing with increasingα. More precisely,〈Q〉 is nearly independent ofα, which again
corresponds to the calculated result〈Q〉 ≈ 4πε2, for α � 1 andχ = 0. Forχ = 0·9, the net
flow rate increases with increasingα.

Next, we return to the dimensional flow problem, as described in Section 2. The dimen-
sional net flow rate〈Q〉 is equal to the dimensionless net flow rate〈Q〉 as given by (4.1)
multiplied by the factorcR2. In addition, we define the dimensional mean net axial velocity
〈Vz〉 as

〈Vz〉 = 〈Q〉
πR2

, (4.3)

where〈Q〉 is the dimensional net flow rate, andπR2 denotes the mean cross-sectional area of
the pore. The amplitudeAp of the dimensional pressure wavep = ρ0c

2(εp1+O(ε2)), where
p1 is given by (3.8), is defined as

Ap(r) = 2ρ0c
2ε
√
[Re{P1(r)}]2+ Im{P1(r)}]2. (4.4)

The maximum value of this amplitude is defined as the norm ofp, that is‖p‖ := maxr∈[0,1]
Ap(r). Calculations disclose that the distribution ofAp(r) is nearly uniform along the radius
r of the pore, which has also been found by Ganievet al. [4].

We consider the case in which the pore has radiusR = 10−4 m, and the wave has amplitude
a = 10−7 m. The properties of the liquid are given byρ0 = 103 kg/m3, κ = 0·5×10−9 N−1m2

andµ = 0·5× 10−2 Nm−2s. The frequencyf of the wave is related to the wave speedc and
the wavelengthλ according to

c = λf. (4.5)
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Table 1. The frequencyfmax at which the maximum of
〈Vz〉 is attained, the maximum〈Vz〉max itself, the correspond-
ing net flow rate 〈Q〉max and norm ‖p‖ of the pressure
wave, for R = 10−4 m, a = 10−7 m, ρ0 = 103 kg/m3,
µ = 0·5× 10−2 Nm−2s andκ = 0·5× 10−9 N−1m2.

c fmax 〈Vz〉max 〈Q〉max ‖p‖
(m/s) (Hz) (cm/s) (mm3/s) (×105 Nm−2)

600 960 0·34 0·11 14

700 1110 0·46 0·15 20

800 1400 0·64 0·20 29

900 1590 0·91 0·29 42

1000 2390 1·37 0·43 61

1100 3680 2·25 0·71 92

1200 7640 4·42 1·39 151

For various values of the wave speedc we calculate the mean net axial velocity〈Vz〉 as a
function of the frequencyf . Thus,ε = 0·001 is constant, Re= ρ0cR/µ andχ = κρ0c

2

increase with increasingc, while α increases with increasingf according toα = 2πRf/c =
6·28×10−4f/c for the various values ofc considered. In Figure 4 the mean net axial velocity
〈Vz〉 (in cm/s) is plotted versusf (in kHz), for c = 600 ms−1 (dashed curve),c = 800 ms−1

(dotted curve),c = 1000 ms−1 (solid curve) andc = 1200 ms−1 (dashed-dotted curve). We
observe that the range of〈Vz〉 is approximately 0·26− 0.34 cm/s if c = 600 ms−1, 0·47–
0.64 cm/s ifc = 800 ms−1, 0·67–1·37 cm/s if c = 1000 ms−1, and 0·43–4·42 cm/s if c =
1200 ms−1, for the values off considered. Furthermore,〈Vz〉 attains a maximum for a certain
value of f . In Table 1 the frequencyfmax at which the maximum of〈Vz〉 is attained, the
maximum〈Vz〉max itself, the corresponding net flow rate〈Q〉max and norm‖p‖ of the pressure
wave are given. We observe thatfmax as well as the corresponding mean net axial velocity
〈Vz〉max increases with increasing wave speedc.

5. Discussion

In order to analyze the influence of ultrasonic radiation on the flow of oil through a reservoir,
we assume that the deformation of the pore walls is caused by excess pressure waves generated
by an acoustic source. The source is placed in the well at a distanceh from the oil reservoir,
where the oil has compressibilityκ, densityρ0 at reference pressurep0, and viscosityµ. By
radiation from a simple source in radial direction the excess pressurep − p0 generated in the
oil reads, in the linear theory of sound and under neglect of gravity and viscosity,

p − p0 = 1

h

√
ρ0c0P

2π
, (5.1)

provided thath� λ/2π ; see Lighthill [8, Section 1.12]. Here,P is the average power output
generated at the acoustic source, andc0 = 1/

√
κρ0 is the speed of sound in the oil. Since the
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porous medium is elastic, the displacementa of the pore wall due to the excess pressure is
given by

a = (p − p0)R

2G
, (5.2)

under the assumption that the pores are sufficiently far away from each other; see Jaeger and
Cook [9, Section 5.11]. Here,G is the shear modulus of the porous medium. By a combination
of (5.1) and (5.2), an estimation for the ratioε = a/R is given by

ε = 1

2hG

√
ρ0c0P

2π
. (5.3)

Notice that according to (5.3) the net flow rate〈Q〉 is proportional to the power outputP ,
since the net flow is an effect of orderε2. Furthermore,〈Q〉 is proportional to 1/h2, so that
the effects of ultrasonic radiation in radial direction are expected to be local,i.e.mainly in the
near-wellbore region. If the radiation of the source is ductedone-dimensionally, on the other
hand, the acoustic excess pressurep − p0 is independent of the distanceh, and the power
output is much more efficiently generated;cf. Lighthill [8, Section 1.4].

The wave speedc on the pore wall depends on the compressibilityκ of the liquid as well
as on the distensibilityD of the pore. Lighthill [8, pp. 93] defines the wave speed as

c = 1√
ρ0(κ +D)

, (5.4)

where the distensibility is given by

D =
(

1

A

dA

dp

)
p=p0

. (5.5)

Here,A denotes the cross-sectional area of the pore. WithA = π(R + a)2 anda given by
(5.2), the cross-sectional area can be expressed in terms of the excess pressure as

A = πR2

(
1+ p − p0

2G

)2

(5.6)

Substitution of (5.6) in (5.5) gives

D = 1

G
. (5.7)

Notice that, sinceD > 0 andc0 = 1/
√

κρ0, the wave speedc according to (5.4) satisfies
c/c0 < 1, so thatχ = c2/c2

0 = κ/(κ +D) < 1. Thus, by means of (5.3) the wave amplitude
is related to the power output generated at the acoustic source, while by means of (5.4) and
(5.7) the wave speed on the pore wall is expressed in terms of the shear modulus of the porous
medium.

As an example, let the power output generated at the acoustic source beP = 10 kW,
while the source is placed at a distanceh = 0·05 m from the reservoir. For the properties
of the oil we takeρ0 = 800 kg/m3 and κ = 0·7 × 10−9 N−1m2, so thatc0 = 1336 m/s.
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By substitution of the values in (5.1) we obtain an excess pressure generated by the acoustic
source ofp − p0 = 8·2× 105 Nm−2. For a sandstone the shear modulus is approximately
G = 0·5× 109 Nm−2. As a result, the ratio of the wave amplitudea to the pore radiusR is
given byε = 0·82× 10−3.

By substitution of the values in (5.4) the wave speed of the travelling wave isc = 680 m/s,
whereD = 2 ∗ 10−9 N−1m2 is used. As a result, the dimensionless parameterχ = c2/c2

0
becomesχ = 0·26. Let the frequency of the acoustic source, and thus of the travelling wave,
be equal tof = 20 kHz, then the wave length isλ = c/f = 0·034 m. Finally, let the pores
of the reservoir have a radius ofR = 0·5 × 10−4 m and the oil have a viscosity ofµ =
5× 10−3 Nm−2s. Then the dimensionless parametersα = 2πR/λ and Re= ρ0cR/µ become
α = 9·23× 10−3 and Re= 5443.

Calculations for the specific values disclose a net flow rate of〈Q〉 = 0·223× 10−10 m3/s.
As already observed, the net flow rate induced by the travelling wave is small. However, this
flow rate is of the same order of magnitude as the flow rateQPoisof the Poiseuille flow through
the pore induced by the pressure gradient dp/dz in the reservoir, which is given by

QPois= dp

dz

πR4

8µ
. (5.8)

Therefore, in an oil reservoir a typical value of the pressure gradient is(dp/dz) = 105 N/m3.
By substitution of the specific values in (5.8), we arrive atQPois = 0·491× 10−10m3/s, so
that 〈Q〉 ≈ 0·45× QPois in our example. Thus, although the net flow induced by travelling
waves is an effect which is proportional toε2, this effect cannot be neglected in the flow
through an oil reservoir. Notice that the flow rateQPois strongly decreases with decreasing
R, while the net flow rate〈Q〉 induced by a travelling wave is not that sensitive to the pore
radius. Furthermore, in order to analyse the net flow induced if a Poiseuille flow is already
present when the acoustic source is off, the zeroth-order velocityV0 according to (3.2) must
be included in the solution.
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